INTRODUCTION
If G is a finite group and p is a prime number, it is a standard fact that every character of G of degree not divisible by p never vanishes on any element of order a power of p. (See Section 2 below for a proof.) In some sense, it is natural to study the extent to which we can replace p by not divisible by p. Can irreducible characters of G of p-power degree vanish on elements of p -order?
The answer to this question is yes, although, it seems, not very often. For instance, the Mathieu group M 11 has an irreducible character of degree 11 which vanishes on an element of order 6. In the last section of this note, we will analyze several solvable examples. As we will see, none of the irreducible characters in these examples are primitive. In fact, more is going on in solvable groups.
Theorem A. Let G be a p-solvable group and let χ ∈ Irr G be primitive of degree a power of p. Let x ∈ G. Then χ x = 0 if and only if χ x p = 0.
When studying zeros of characters, the hypothesis of χ being primitive is not unnatural. If χ ∈ Irr G , then χ is induced from some primitive character γ ∈ Irr H and, of course, χ x = 0 whenever x does not lie in any G-conjugate of H.
In the proof of Theorem A, some Isaacs factorization theory will be used. Using this theory, the proof of the next corollary easily follows from our main result.
Corollary B. Let G be a solvable group and let χ ∈ Irr G be primitive of π-degree, where π is a set of prime numbers. Let x ∈ G. Then χ x = 0 if and only if χ x π = 0.
PROOFS
For the sake of completeness, we start with the following result.
(2.1) Theorem. Suppose that χ is a character of G of degree not divisible by p. If x ∈ G has p-power order, then χ x = 0.
Proof. Let R be the ring of algebraic integers and let M be a maximal ideal of R containing pR, so that F = R/M is a field of characteristic p. If is a p-power root of unity, notice that ≡ 1 mod M. Since χ x is a sum of χ 1 p-power roots of unity, we deduce that χ x ≡ χ 1 mod M, and the proof of the theorem follows.
In the proof of the next lemma, we will use several properties of the Glauberman correspondence. In general, the reader is refered to [6] for notation and results in character theory. Proof. Write c = x p s = x p , and S = s . Of course, we may assume that s = 1. Since χ 1 is a p-power and G P is not divisible by p, we have that χ P = θ ∈ Irr P by Corollary (11.29) of [6] . By Gallagher's theorem (Corollary (8.16) of [6] ), there is a unique extensionθ ∈ Irr G of θ such that the determinantal order o θ is a power of p. By Corollary (6.17) of [6] , we have that χ = µθ for some linear µ ∈ Irr G . Since µ is never zero, it is clear that we may assume that χ =θ.
Let C = C P S . Since θ is S-invariant, let β ∈ Irr C be the Glauberman correspondent of θ. Now, χ x =θ cs = β c where = ±1, by Theorem (13.6) of [6] . Hence, χ x = 0 if and only if β c = 0.
By hypothesis, write λ K = vϕ, where ϕ ∈ Irr K and v 2 = K L . Notice that ϕ is G-invariant. Write V = C ∩ K and let τ ∈ Irr V be the Glauberman correspondent of ϕ. Now, note that L ⊆ V ⊆ K. We claim that λ V is a multiple of τ. Let γ ∈ Irr V be lying over λ and let ξ ∈ Irr K be such that γ is the Glauberman correspondent of ξ. By Theorem (13.29) of [6] , we have that ξ lies over λ, and by hypothesis, we deduce that ξ = ϕ. Therefore, γ = τ, as claimed.
Hence, we have that λ is fully ramified with respect to V . Furthermore, since K/L is abelian, note that V KC. Since λ V = wτ, we deduce that τ is KC-invariant. Thus τ and ϕ are fully ramified with respect to K/V .
In this paragraph, we apply several of the results in Section 3 of [2] . We also use the notation of that paper. If we put U = KC, note that U K V ϕ τ is a character five, in the language of [2] . Now, view s as an automorphism of U. We have that s fixes K, V , ϕ, and τ. By coprime action, we have that
, we have that every element of C is "good." Now, since P/K is cyclic and ϕ is G-invariant, note that θ (and therefore θ U ) extends ϕ. By Theorem (13.29) of [6] applied twice, we have that β is the Glauberman correspondent of θ U and that β extends τ. Now, each irreducible constituent of θ C lies over τ, and by Corollary (6.17) of [6] , we have that each irreducible constituent of θ C is a linear character of C/V times β. Thus, we may write θ C = ψβ, where ψ is a character of C/V . Now, since c ∈ C is "good," it follows that ψ c 2 = C K/V c by Theorem (3.5.a) of [2] . It follows that ψ c = 0. Now,
as required.
In the proof of Theorem A, we will use some of the properties of the Gajendragadkar π-special characters [1] . We use the fact that every π-special character contains O π G in its kernel (Corollary (4.2) of [1] ) and that every primitive character of a π-separable group is the product of a π-special times a π -special character (Theorem (2.6) of [3] ). This is the Theorem A of the introduction. Proof. We argue by double induction: first on G O p G and second on G . We may assume that x is not a p-element and therefore that G is not a p-group.
Since χ is primitive, we have that χ = αβ, where α is p-special and β is p -special. By degrees, β is linear. Since β is never zero, it is clear that we may assume that α = χ is p-special. Hence, O p G ⊆ ker χ . Now, if K = ker χ , then χ xK = χ x and χ xK p = χ
Since χ is primitive and faithful, we have that every abelian normal subgroup of G is central and contained in F = O p G (by Corollary (6.13) of [6] ). Let Z = Z F = Z G . Since every characteristic abelian subgroup of F is contained in Z, it follows that F/Z is abelian. Also, F is nonabelian since C G F ⊆ F and F < G.
Let U = F x . Also, let P = F x p U, which is a Sylow p-subgroup of U. Now, write χ F = eθ and χ Z = χ 1 λ, where θ ∈ Irr F and λ ∈ Irr Z . Notice that θ extends to U because U/F is cyclic and θ is U-invariant. Since θ is faithful, note that Z θ = Z by Lemma (2.27) of [6] . Therefore, since F/Z is abelian, we have that θ 1 2 = F Z by Theorem (2.31) of [6] . Hence, θ is fully ramified with respect to F/Z.
By Corollary (6.18) of [6] , we may write χ U = ξψ, where ξ is any extension of θ to U and ψ is a character of U/F. Since χ 1 is a power of p, note that ξ 1 is a power of p. Observe that we are in the conditions of Lemma (2.2), where U P F Z, and ξ play the role of G P K L, and χ. Hence, we have that ξ x = 0 if and only if ξ x p = 0.
Suppose first that ξ x = 0. In this case, we have that χ x = ξ x ψ x = 0. Also, χ x p = ξ x p ψ x p = 0, and we are done.
Suppose now that ξ x = 0. Then ξ x p = 0 and we have that
and χ x p = 0 iff ψ x p = 0 So we are reduced to proving that
Now, we use the theory of character triples. The reader is refered to Chapter 11 of [6] for its main properties. By definition, we have that G F θ is a character triple.
By Theorem (5.2) of [4] (and using the same notation for character triple isomorphisms), there exists G * F * θ * , a character triple isomorphic to G F θ , such that F * is a p-group and F * is central. In fact, F * = O p G * because the groups G/F and G * /F * are isomorphic. Notice that χ * , the character corresponding to χ via the isomorphism, has p-power degree because
by Lemma (11.24) of [6] . Also, we claim that χ * is primitive. Suppose that γ G * = χ * , where γ ∈ Irr Y , and Y ⊆ G * . Then γ YF * is irreducible. Since the character γ is F * -invariant (because F * is central), it follows that F * ⊆
Y by Problem (6.1) of [6] , for instance. Now, the claim follows from Lemma (11.35) of [6] and the fact that χ is primitive. Since G * is p-solvable, we have that χ * = γτ, where γ is p-special and τ is a linear character of G * . Note that γ is also primitive because if γ = η G * where η ∈ Irr X and X ⊆ G * , then χ
and, by induction, we have that the theorem is true for γ. Therefore, since τ is linear, we have that the theorem is true for χ * . Now, write yF * = xF * , where * G/F → G * /F * is the isomorphism associated to the character triple, and note that U * = F * y . By property (d) in Definition (11.23) of [6] of a character triple isomorphism, we have that
where ψ * is the character corresponding to ψ via the isomorphism * (that is, ψ * z * = ψ z for z ∈ U/F). Now, we have that χ * y = 0 if and only if χ * y p = 0 because the theorem is true for χ * . Since ξ * is linear (because it extends θ * by Lemma (11.24) of [6] ), it follows that χ * y = 0 if and only if ψ * y = 0 and χ * y p = 0 if and only if ψ * y p = 0. Thus, we conclude that ψ * y = ψ * yF * = ψ xF = ψ x = 0 if and only if ψ * y p = ψ * y p F * = ψ * yF * p = ψ xF p = ψ x p F = ψ x p = 0. This proves the theorem. Now, we dispose of Corollary B.
(2.4) Corollary. Let G be a solvable group and let χ ∈ Irr G be primitive of π-degree, where π is a set of prime numbers. Let x ∈ G. Then χ x = 0 if and only if χ x π = 0.
Proof Since G is solvable, we have that χ is fully factorable; that is,
where each χ p is p-special and p runs over the set of primes dividing G . Since χ 1 is a π-number and the theorem is true for χ if and only if the theorem is true for λχ for linear λ, note that we may assume that
Suppose that χ x = 0. Then there exists a prime p ∈ π such that χ p x = 0. By Theorem A, χ p x p = 0. Again by Theorem A, χ p x p x π− p = χ p x π = 0. Thus, χ x π = 0.
Suppose now that χ x π = 0. Hence, there is a p ∈ π such that χ p x π = 0. By Theorem A, we have that χ p x p = 0. Also, by Theorem A, χ p x = 0. It follows that χ x = 0, as desired.
(2.5) Corollary. Let G be a solvable group, and let χ ∈ Irr G be prim-
Proof. This easily follows from Corollary (2.4).
REMARKS AND EXAMPLES
(3.1) Example. Let n m be two coprime positive integers. We contruct a solvable group G of order nm n+m having an irreducible character χ ∈ Irr G of degree n + m such that χ x = 0 for some x ∈ G of order nm.
Consider the wreath product of a cyclic group C nm with C n+m . Note that nm and n + m are also coprime. Let ξ be a primitive nth root of unity, and let η be a primitive mth root of unity. Now,
Now, it suffices to consider the character χ = ψ G , where
and o λ = n and o µ = m. (I thank G. A. Fernández-Alcober for the generality in Example (3.1).) Since we have used some of the properties of the p-special characters in the proof of our main results, it seems natural to ask whether or not a p-special character can vanish on elements of p -order. It is, perhaps, surprising that the answer is no in groups of odd order. This follows from deep Isaacs π-theory of groups of odd order. Proof. Let K be a π-complement containing x. By Theorem D of [5] , we have that
for some character of K. Now, if χ x = 0, then
is an algebraic integer, and this is a contradiction.
It is nontrivial to construct a solvable even-order example in which the conclusion of Theorem (3.2) fails.
(3.3) Example (Isaacs). We construct a 2-special character of a solvable group which vanishes on an element of order 15.
There exists an extraspecial 2-group E of order 2 5 that is acted on by a cyclic group of order 3 such that there is only the trivial fixed point on E/Z E . (Just take E to be the central product of two quaternion groups of order 8.) The semidirect product is a group U having an irreducible 2-special character α of degree 4 and an element u ∈ U of order 3 such that α u = 1. Similarly, there exists an extraspecial 2-group F of order 2 5 that is acted on by a cyclic group of order 5 with no nontrivial fixed points on F/Z F . (We need to take F to be the other extraspecial group of order 32 to make this work.) This yields a group V having a 2-special character β of degree 4 and an element v of order 5 such that β v = −1.
Next, let K = U × V and let θ = α × β ∈ Irr K . Then θ u = 4 and θ v = −4. Also, θ is 2-special. Now let G be the wreath product of K with a cyclic group of order 2. Thus G has a subgroup N of index 2, with N = K × K. Let ψ be the character θ × 1 of N and note that θ is not invariant in G since it is G-conjugate to 1 × θ. It follows that θ × 1 G = χ is irreducible. Furthermore, χ is 2-special and χ 1 = 32.
Consider the element w ∈ N, whose first component is u and whose second component is v. (Note that w has order 15.) We evaluate χ w = θ × 1 w + 1 × θ w = θ u + θ v = 4 − 4 = 0
